Section 5 can be understood as the first step to explain a role of chains and chain fibrations for characterizations of smooth curves in the plane. More precisely, in the next sections the corresponding characterizations will be obtained as various kinds of ordinal invariants of such curves.
The present paper is exactly part II of series [5] of preprints and is regarded as a direct continuation of part I of this series. Give attention that all parts of [5] have common terminology and notation as well as continuous numeration, and they are inspired by papers [3] and [4] . This paper has mainly a preparatory character for the forthcoming paper (see [5] , part III) and consists of Sections 4 and 5.
In Section 4 we present the concepts of chains and chain fibrations which are necessary to introduce various kinds of ordinal invariants for smooth curves in R 2 . Clearly, one can find many references for chains being frequently regarded as special lattices, but here we rather need distinguished properties of chains instead of the standard ones. For this reason we first recall the basic properties of chains together with some modifications (compare [1] and [6] ). Next, we introduce the more general concept of a chain fibration which can be regarded as a chain analogue of the well-known concept of a topological fibration. It turns out that chain fibrations generalize chains well, which means that they have similar properties and, as a rule, any operation for chains can be transferred to that for chain fibrations. Moreover, it is seen that chain fibrations cannot be considered in abstraction from chains.
In Section 5 we first introduce the auxiliary notion of an open £>-pair in a given interval of R. Next, with such a pair we associate the canonical reduced chain fibration. In turn, with any smooth curve c in R 2 we associate the RNS-pair of c which is an open J9*-pair in dom(c), that is, an open D-pair satisfying some additional condition. Then the RNS-fibration of c is defined to be the canonical reduced chain fibration of the RNS-pair of c. The main result of this section is Theorem 5.14 which states, shortly speaking, that up to fibre o-isomorphism every countable fibre-integral chain fibration can be realized as the RNS-fibration of some F-directed curve in R 2 .
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as well as from A* onto A. We say that a chain A is symmetric in case A* A, which means that there exists a symmetry of A, i.e. an anti o-automorphism of A. In turn, A is called involutory provided that there exists an involution of A, that is, a symmetry r of A such that r 2 = lx where lx denotes the identity o-automorphism of A. Of course, every involutory chain is symmetric. It turns out that the converse statement is also true (Corollary 4.5).
If / : A -• B is a morphism of chains, then the map / can also be regarded as the dual o-morphism f*:A*->B*. This definition clearly implies that /** = /. Moreover, one can see that the assignment which sends each chain A to the dual chain A* and each morphism / : A -• B of chains to the dual o-morphism /* : A* -• B* is a functor from the category of chains onto itself, called the duality functor of this category and denoted by *.
If A is a chain, one can take into consideration the following conditions: Let the symbols Q, Z and N stand for the chains of rational numbers, integers and natural numbers, respectively, under the usual ordering relation, which means that they can be regarded as corresponding subchains of the chain R of real numbers. Clearly, R, Q and Z are involutory chains but N is not. One can prove For any n € N let the symbol (ai,...,a n ) stand for the finite chain consisting of n elements ai,...,a" where a, < aj for i < j. Clearly, each nonempty finite chain is of this form and it can be characterized by the property that any its subchain has both the extremal elements. For convenience, we also use the symbol n to denote the chain (0,..., n -1). In particular, 0 denotes the empty chain and we have 1 = (0), 2 = (0,1), etc. A chain A 
• Let A and B be arbitrary chains. The ordinal sum A@B is the chain defined to be the disjoint sum of A and B equipped with a unique chain ordering relation < which is an extension of those of A and B satisfying the condition: x < y for any x G A and y G B. It is seen that (A © B)* ~0 B* © A*, which implies that for any chain A the chain A © A* is symmetric. In particular, so are the chains N* © N and N © N*. Moreover, it is seen that N* © N is o-isomorphic to Z, but N © N* is not. Thus in general A © B need not be o-isomorphic to B © A. Let (yl s ) 4 gs be a chain-indexed family of chains, i.e. 5 is a chain. The ordinal sum © S gsv4 a is the chain defined to be the disjoint sum of (J4 s ) 4£ S equipped with a unique chain ordering relation < which is an extension of all those of A s for s G 5 satisfying the condition: if x' G A s < and x" G A s » where s' < s", then x' < x". For the finite chain 5 = (1,..., n) the ordinal sum ©aes-4« will also be denoted by A\ ©.. .© A n . If ©jgs-^» is the ordinal sum of (A j ) j£ 5, then for each s we have defined the canonical o-injection fi 3 : A s -• ©ags^s which is a convex o-monomorphism. For convenience, we shall often identify A a with its image in ©¿es-Aj via /i s , that is, we accept A 3 to be a convex subchain of ©ags^a-Let S be a chain with symmetry a. We say that a is fixed provided that there exists a fixed element of a, that is, an element s £ S such that <r(s) = s. In this case such s has to be unique and we also say that a is fixed at s. Otherwise, a is called free. In particular, we can speak of fixed or free involutions of S.
Let a be a symmetry of a chain S. If a is fixed at s, then we can consider the convex subchains S~ = {x G S : x < 5} and 5+ = {y € S : y > 5} of S. Furthermore, it is easily seen that S~ = {x 6 S : x < <7(x)} and S 4.6 . EXAMPLE. It is seen that for the chain R every linear symmetry is of the form: <r(x) = -ax + b where a, b G R and a > 0. Clearly, a is fixed at 6/(1 + a) and note that it is an involution for a = 1. Furthermore, it is easy to check that the function <p(x) = -x • exp(x 2 ) is an example of nonlinear symmetry of R which is fixed at 0. More generally, one can observe that every symmetry of R is a homeomorphism. Thus from the axiom of continuity it follows that every such symmetry is fixed. This corresponds to the fact that the chain R © 1 © R is o-isomorphic to R, but the chain R © R is not (Proposition 4.3).
In turn, for the chain Q every linear symmetry is of the analogous form as for R where a, b G Q and it is also fixed. Similarly, every symmetry of Q is a homeomorphism. One can see that in general any symmetry of Q as well as of R may be of very complicated nature. However, it is easily seen that every symmetry of Q has a unique extension to that of R. But conversely, there exist symmetries of R which cannot be reduced to those of Q. For instance, such a symmetry is given by the function (p above. Since Q © Q ~0Q by Proposition 4.1 and Q is symmetric, it follows from Proposition 4.4 that for Q there exist free involutions. Clearly, every such involution has an extension to an involution of R which is fixed at an irrational number.
Finally, one can see that for the chain Z every symmetry a corresponds to the duality between N and N* and to the relations: N* © 1 © N ~0Z in case a is fixed, and N* © N ~0Z in case a is free. Next, since there is a unique dual o-isomorphism from N onto N* and conversely, it follows from Proposition 4.3 that a has to be an involution. Moreover, since the above-mentioned relations are defined up to linear translations via integers, we infer that a is of the following forms: <r(x) = -x + 2n in case it is fixed, and <r(x) = -x + In -1 in case it is free, where n is an integer. Consequently, for any symmetry a of Z we have <j( A' X B'
By an easy verification we get 
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By a convex partition of a chain S we shall mean a family ^3 of nonempty disjoint convex subchains of S such that = S. A reduction (chain) of S is a convex partition of S regarded as a chain under the ordering: P' < P" if s' < s" for any s' 6 P' and s" £ P", called the reduction ordering of S to For any reduction ip of S we have defined the canonical o-projection 7r<p : S ty which is a surjective o-morphism given by ^(5) = P for s € P. Conversely, if IT : S -• X is a surjective morphism of chains, then the family = (7r -1 (a;)) xe x is a convex partition of S such that the map x 7r -1 (a;) defines an o-isomorphism from X onto the reduction chain tp of S, called the convex (X-)partition of S induced by x and denoted also by S~(ir). In the sequel any convex partition of S will be regarded as the reduction chain if necessary.
If (A X ) X £X is a chain-indexed family of chains, then this family can be regarded as a convex (X-)partition of the chain Svia the standard identifications. Conversely, if is a convex partition (reduction) of a chain S, then we can regard that 5 = ©p e <p P-Summarizing, a convex partition of S is equivalent to a decomposition S = A x for some chain X, i.e. it can be regarded as a convex X-partition (A x ) x^x of S, where X is defined up to o-isomorphism.
If A and B are chains, we define the ordinal product A x B to be the Cartesian product of A and B equipped with the lexicographic chain ordering relation <, i.e. given by the rule that (V, y') < (x", y") if and only if x' < x", or x' -x" and y' < y". Observe that {A x B)* ~0 A* x B*, which implies that A x B is symmetric provided that so are A and B. Furthermore, note that in general A x B need not be o-isomorphic to 5x1
Consider the ordinal product S x A of chains. The canonical o-projection 7f5 : 5 x A -• 5 onto the first factor is obviously a surjective o-morphism. We have thus defined the convex partition ty = (Aa)s65 of 5 X A induced by 7T5 where As = 7rJ 1 (s) = {5} x A, called the factor partition of S X A, which means that any member of $ is o-isomorphic to A. We say that a convex partition fp of a chain E is homogeneous in case any two members of are o-isomorphic. More precisely, if A is a chain such that any member of ip is o-isomorphic to A, then ^ is called A-homogeneous. Obviously, the factor partition of the ordinal product S x A of chains is A-homogeneous. A convex partition i}3 of a chain • E is said to be integral, countable and symmetric, respectively, provided that so is any member of «p. Clearly, the o-isomorphism relation ~0 for chains corresponds to the identity relation = for ordinals. In particular, the following identities for ordinals are satisfied: a** = a, (a © /?)* = /J* © a* and (a x /?)* -a* x /?*. Furthermore, Propositions 4.7 and 4.8 imply where E and X are chains and p : E -• X is a surjective o-morphism. In this case we call E (X) the total (base) chain of E and p the (chain) projection of E. In turn, for any i € I we have defined the fibre E x = p -1 (a;) regarded as a subchain of E. Obviously, the family E~(p) = (E x ) re x is the convex partition of E induced by p. On the other hand, if is a convex partition (reduction) of a chain E and if 7r<p : E -• is the canonical o-projection, then (E, 7r<p,fP) is a chain fibration for which is the convex partition of E induced by 7r<p, called the quotient chain fibration of E relative to Moreover, for any chain fibration E -(E,p,X) we have defined the quotient chain fibration E~ = (E, 7Te~( p ), E~(p) ). Observe that there is a one-to-one correspondence between chain fibrations and chain-indexed families of chains. More precisely, for any chain fibration (E,p,X)
we can associate the chain-indexed family (E x ) x^x of chains (fibres). Conversely, note that every chain-indexed family (A x ) x^x of chains corresponds to the chain fibration (E,p,X) where E = A x and p : E -* X is a unique surjective o-morphism such that p _1 (x) = A x for each x € X. : E & to denote that (f,g) is a fibre o-morphism from E to 0. Clearly, we get a category which is called the category of chain fibrations. An isomorphism, monomorphism and automorphism in this category is said to be a fibre oisomorphism, fibre o-monomorphism and fibre o-automorphism, respectively. We shall write E 0 to denote that the chain fibrations E and 0 are fibre o-isomorphic and observe that ~0 is an equivalence relation. Note that for any chain fibration E = (E,p,X)
we have defined the fibre o-isomorphism E ~0
given by
To any chain E one can associate the identity chain fibration T(E) = (E,idE, E). Obviously, the assignment 1 which sends each chain E to 1(E) and each morphism / : E -* F of chains to the the fibre o-morphism 1(f) = (/, /) : 1(E) 1(F) is a full and faithful functor (see [2] ) from the category of chains to that of chain fibrations. Therefore, we can regard the category of chains as a full subcategory of the category of chain fibrations by the identification via 1. In particular, the equivalence relation ~0 for chain fibrations can be regarded as an extension of that for Let E = (E,p,X) be a chain fibration. We say that E is integral (countable) in case so is the total chain E. In turn, E is called fibre-integral, fibre-countable and fibre-symmetric, provided that every fibre of E is integral, countable and symmetric, respectively, i.e. so is the convex partition E~(p). If A is a chain, we say that E is (A-)homogeneous in case so is E~(p). For any chains X and A we have defined the so-called product chain fibration (X x A,vx,X) where irx • X x A X is the canonical o-projection onto the first factor, called also the product chain A-fibration over X, being clearly A-homogeneous. More generally, it is easy to ver- PROPOSITION 
A chain fibration (E,p,X) is A-homogeneous if and only if it is fibre o-isomorphic to the product chain fibration (Xx A, irx, X). m (idE,p~l) : (E,p,X) -(Et1rE~(p),E~(p)).
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If E = (E,p,X) is a chain fibration, then by a subfibration (convex subfibration) of E we shall mean a chain fibration & = (F, q, Y) such that F
and Y are subchains (convex subchains) of E and X, respectively, and q is the corresponding restriction of p.
If E = (E,p,X) is a chain fibration, we define the dual fibration of E to be the chain fibration E* = (E*,p*,X*). In turn, if (f,g) : E -• 0 is a morphism of chain fibrations, then the dual morphism (f,g)* is defined to be the fibre o-morphism (f*,g*) : E* ©*. Obviously, these definitions imply that E** = E and (f,g)** = (f,g). More generally, we have defined the duality functor * of the category of chain fibrations which sends each chain fibration E to the dual fibration E* and each morphism (/,</): S 0 of chain fibrations to the dual morphism (f,g)* : E* -• 0*. This functor is clearly an extension of that of the category of chains. Analogously as for chains we can speak of anti fibre o-morphisms, anti fibre omonomorphisms and anti fibre o-isomorphisms, respectively, between chain fibrations, as well as about anti fibre o-automorphisms of a chain fibration.
A chain fibration E is said to be symmetric in case there is an anti o-automorphism of E, called also a symmetry of E. In turn, we say that E is involutory provided that there is an involution of E, i.e. a symmetry r of E such that r 2 = the identity fibre o-automorphism of E. Obviously, if E = (E,p,X) is a symmetric (involutory) chain fibration, then so are the chains E and X. The following example shows that a symmetric (involutory) chain fibration need not be fibre-symmetric. where n € N, which means that for E the fibre over 0 is symmetric only. Moreover, it is seen that this chain fibration is not homogeneous.
• by On the other hand, by an easy verification we get ,q a ,Y a ) , then the ordinal sum ©, eS (/ a ,5j) is defined to be the fibre o-morphism (©sgs/a,©,^«/») : © S es~» © ae5 0 a . In particular, if S = (1,..., n), then this ordinal sum will also be denoted by (/i»0i) ® • • • © (f n ,9n)• Let (f',g') and (f",g") : E" 0" be morphisms of chain fibrations. We say that (/',</') and (f",g") are fibre o-equivalent, written as (f',g') ~0 (f",g"), in case there exist fibre o-isomorphisms (a, a) : E' E" and (/?,/3) : 0' 0" such that the following diagram is commutative:
Obviously, ~0 is an equivalence relation being an extension of that for morphisms of chains. It is easy to verify (compare, Propositions 4.7 and 4.8).
PROPOSITION 4.13. (1) If (E a ) a^s 25 ° chain-indexed family of chain fibrations, then one has the following canonical fibre o-isomorphism:
.* e <> ses ' a-es-
In particular, if E\,... ,E n are chain fibrations, then
chain-indexed family of morphisms of chain fibrations, then (®(fs,9s)Y^o
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In particular, t/(/i, <7i), (fn,9n) ore morphisms of chain fibrations, then 
The RNS-fibrations
Recall that the symbol I stands for an arbitrary but fixed interval of R (Section 1). If U is an open subset of /, then by U~ will be denoted the countable set of all connected components of U. Since any member of U~ is a convex subset of U under the natural ordering, it follows that U~ can be regarded as a convex partition of U, and so, as a reduction chain of U. We shall call U~ the canonical reduction chain of U.
We need the following (see [1] , VIII, Theorem 22) LEMMA 5.1. Any countable chain is o-embeddable in Q.
• 0 For any A C R the interior of A relative to R will be denoted by A.
9
In particular, we have defined the interior I. We say that U is a strictly open subset of A provided that U is an open subset of A, i.e. U C A and U = U. need not be a chain fibration. We call this triple the canonical reduction chain prefibration of (V, U). If in addition (t7~, is a chain fibration, then it is referred to as the canonical reduction chain fibration of (V, U). In the latter case we also say that (V,U) admits the canonical reduction chain fibration. Furthermore, observe that, in this case, the chain fibration (U~, V~) is countable because so is the total chain U~.
For any subset A of R the boundary of A relative to R will be denoted by OA. Obviously, every C x is an interval of R. Therefore, by applying again Lemma 5.4 we conclude that for any x 6 X there exists a dense strictly open subset U x of C x such that U~ E x . We set U = UxgA-Ux observe that U is a dense strictly open subset of V, which means that (V, U) is a strictly open D-pair in I being proper because V is dense in I. In turn, for any x 6 X we can fix an o-isomorphism f x : U~ -> E x . Clearly, from the definition of U it follows that U~ = ® l£j[ U~. Therefore, since E -©j-gx Ex, we infer that / = ©^g^ fx defines an o-isomorphism from U~ onto E. Finally, note that if (U~,i~,V~) is the canonical reduction chain fibration of (V, U), then the pair ( f,g) is a fibre o-isomorphism from (t/"~,i~,F~) onto • LEMMA 5.6.
Let (V, U) be an open D-pair in I. If the chain U~ is integral, then (F, U) is an open D"-pair.
« Proof. We have to prove that F fi V is a discrete subset of V where F = V\U. Indeed, let us take a e F n V. Then there exist v',v" G V such that v' < a < v". Next, since U is dense in V, there exist u', u" G U such that u' < a < u". It follows that there are unique C", C" G U~ such that u' G C and u" G C". Clearly, for any x' G C' and x" G C" we have x' < a < x". It is easily seen that if C G U~, then either x < a for all Proof. Suppose to the contrary that U~ is not integral. This means that there exist C", C" e U~ such that C' < C" and the set 21 = {C G U~ : C' < C < C"} is an infinite subchain of U~. We can choose a' 6 C' fl V By assumption, we infer that if C € V~, then (C, Uc) is also an open Z?»-pair in I. It follows from Lemma 5.7 that for any C € V~ the fibre U£ of E is integral, which means that E is fibre-integral.
• From this lemma and Lemma 5.5 we get immediately 
